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• Definition of the problem

• Golden-section search

• Newton’s method

• Steepest descent

• Nelder-Mead simplex method

• Example
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Problem statement
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Problem statement

• maximization = -minimization
• N can be large
• f, g, h can be expensive to evaluate
• f’, f’’may (not) be available

( )  subject to      ,  min xf
x



WÎ

( )   and      ,    0


=xg

( ) 0


³xh

equality constraint

inequality constraint

design variables
design space

objective/cost function

( )10  , ... , -= Nxxx

N is the dimension of the problem
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Recursive interval minimization
Optimization algorithms ( )xf

x 10
min

££

Ch. 9
Numerical 
Optimization



5

( )xf
x 10
min

££

Recursive interval minimization
Optimization algorithms

0a 0b

Ch. 9
Numerical 
Optimization



6

( )xf
x 10
min

££

Recursive interval minimization
Optimization algorithms

0a 0b

( )
( )000

000

abax
abax

R

L

-+=
-+=

b
a

( )
ba

ba
<
Î 1,0,

Ch. 9
Numerical 
Optimization



7

Recursive interval minimization
Optimization algorithms
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Recursive interval minimization
Optimization algorithms
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Recursive interval minimization
Optimization algorithms
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Recursive interval minimization
Optimization algorithms
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Recursive interval minimization
Optimization algorithms ( )xf
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Recursive interval minimization
Optimization algorithms ( )xf

x 10
min

££

Ch. 9
Numerical 
Optimization



13

• Gradient-free method

• Guaranteed convergence to local minimum (provided the
objective function is continuous!!!)

• Only applicable in 1D (but useful for line-search in multi-D
algorithms)

• 2 function evaluations per iteration

Recursive interval minimization
Optimization algorithmsCh. 9
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Recursive interval minimization
Optimization algorithms
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Recursive interval minimization
Optimization algorithms

55.0,45.0 == ba
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Recursive interval minimization
Optimization algorithms

55.0,45.0 == ba 11,1 -- =-= jbja
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Recursive interval minimization
Optimization algorithms

55.0,45.0 == ba 11,1 -- =-= jbja

2 function evaluations per iteration 1 function evaluation per iteration !!!
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Recursive interval minimization
Optimization algorithms
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Optimization algorithms

• Gradient-free method

• Guaranteed convergence to local minimum (provided the
objective function is continuous!!!)

• Only applicable in 1D (but useful in line-search for multi-D
problems)

• 1 function evaluation per iteration

• If , then on the n-th step:

linear convergence

Golden-section search
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Newton’s method
Optimization algorithms

Let’s use gradient information!
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Newton’s method
Optimization algorithms
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Newton’s method
Optimization algorithms
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Newton’s method
Optimization algorithms
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Newton’s method
Optimization algorithms
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Newton’s method
Optimization algorithms
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• Hessian per definition symmetric à real eigenvalues λi
– All eigenvalues positiveà local minimum
– All eigenvalues negativeà local maximum
– Mixed eigenvaluesà saddle point

Newton’s method
Optimization algorithms
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• Gradient method (1st and 2nd derivatives needed)

• N-dimensional problems (N ≥ 1)

• Quadratic convergence

• Gradient & Hessian evaluated per iteration

• Local minimum found

• Starting point needed

Newton’s method
Optimization algorithmsCh. 9
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Steepest descent method
Optimization algorithms

What if Hessian too expensive/unavailable?
à Use gradient info only!

( )0,20,1 , xx

Local approximation of objective function
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Steepest descent method
Optimization algorithms

( )0,20,1 , xx
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Golden-section search
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Steepest descent method
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Steepest descent method
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Steepest descent method
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Steepest descent method
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Steepest descent method
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• Gradient method (1st derivative needed)

• N-dimensional problems (N ≥ 1)

• Linear convergence (not quadratic!)

• Gradient evaluated per iteration

• Local minimum found

• Starting point needed

Steepest descent method
Optimization algorithmsCh. 9
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Newton’s method vs. Steepest descent method
Optimization algorithms

Quadratic function

Which method finds minimum first?

Concentric circles
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Newton’s method vs. Steepest descent method
Optimization algorithms

Quadratic function

Which method finds minimum first?

Steepest descent method
&
Newton’s method
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Newton’s method vs. Steepest descent method
Optimization algorithms

Quadratic function

Which method finds minimum first?

Ellipse shape
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Newton’s method vs. Steepest descent method
Optimization algorithms

Quadratic function

Which method finds minimum first?
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Newton’s method vs. Steepest descent method
Optimization algorithms

Quadratic function

Which method finds minimum first?

Newton’s method

Steepest descent method
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Nelder-Mead simplex method
Optimization algorithmsCh. 9
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Nelder-Mead simplex method
Optimization algorithms
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Nelder-Mead simplex method
Optimization algorithms
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Nelder-Mead simplex method
Optimization algorithms
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Nelder-Mead simplex method
Optimization algorithms
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Nelder-Mead simplex method
Optimization algorithms
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Nelder-Mead simplex method
Optimization algorithms
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Nelder-Mead simplex method
Optimization algorithms
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• Gradient-free method

• Basic operations: Reflect // Expand // Contract // Reduce

• Triangle in 2D, tetrahedron in 3D, hyper-tetrahedron in higher dimensions

• Converges to local minimum, but lack of solid convergence theory

• Robust (noisy functions)

• Effective for N ≈ O(10) (gradient-based effective for any N)

• Initial triangle needs to be supplied

Nelder-Mead simplex method
Optimization algorithmsCh. 9
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ExampleCh. 9
Numerical 
Optimization

Find minimum for Rosenbrock function:

𝑓 𝑥, 𝑦 = 100 𝑦 − 𝑥! ! + 1 − 𝑥 !

Exact minimum at (x, y) = 1,1 ,

Find minimum, starting at
𝑥", 𝑦" = (0,4), using:

• Newton’s method
• Steepest descent
• Nelder-Mead
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Final value after Newton iteration 5
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