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\What to know

- Specifying type of ODE

«  Convert high-order ODEs to system of first order ODEs

«  Graphical interpretation of ODE integration schemes

* Implementation of given ODE integration schemes

- Determination order of convergence ODE integration schemes

*  Determination stability regions ODE integration schemes
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Ordinary differential

equations

. First order: highest derivative is first derivative y’(x)
. Ordinary: y = y(x), i.e. function of one variable x

y'(x)zf(x,y(x)), xelz[xo,xn]

. In general, infinitely many solutions y(x)
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Ordinary differential
equations

. First order: highest derivative is first derivative y’(x)
. Ordinary: y = y(x), i.e. function of one variable x y’ —
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Ordinary differential
equations

. First order: highest derivative is first derivative y’(x)
. L . . . XY
. Ordinary: y = y(x), i.e. function of one variable x y' =

L : ) 2
y'(x)= f(x,y(x)), xel=[x,x,]
. In general, infinitely many solutions y(x)
. Initial / boundary conditions need to be specified
for a single solution

initial value problem

boundary value problem

y(xo):yo
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Ordinary differential
equations

System of p first-order ordinary differential equations, i.e.

n(x) =
¥;(x) -

v, (x) =

—

y1(x0)
initial conditions ¥ (x,) =V, =|

.....

.....

,,,,,
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Ordinary differential
equations

m-th order ordinary differential equation

W ()= £ (x50 (x), 2 (6),000 0" ()

initial conditions y(i) (Xo) = yo(i), i=0,1,....m—1

Transform m-th order ordinary differential equation to an equivalent system of m
first order ordinary differential equations by using auxiliary functions:

a(x) = »(® z] z,
n(x) = V(v :

I Zpoy ) Zm
z,(x) = y(m_l)(x) z f(x.2,2,,..052,)



Ordinary differential
equations

Newton’s second law of motion: my”(t) =mg — ky(t)
2" order ordinary differential equation

Introduce the auxiliary functions:  z, (t) =y (t)

System of 2 first-order ODEs:

Initial conditions:

z,(0)=»(0) Initial position
z,(0)=»"(0) Initial velocity

Linear system
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Solving ODEs y(x)=Cexp[x/2] +x-2

Forward Euler-Cauchy

y)\ y: 2
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Solving ODEs

Forward Euler-Cauchy
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Solving ODEs

Forward Euler-Cauchy
Y 4

/

Initial value y(xo)
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Solving ODEs

Forward Euler-Cauchy
Y 4

P
Initial slope y’'(Xo)
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Solving ODEs

Forward Euler-Cauchy
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Solving ODEs

Forward Euler-Cauchy
Y 4

n(xq1) 7|
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Solving ODEs

Forward Euler-Cauchy

Y A Yy =

slope n'(x1)=(x1-n(x1))/2
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Solving ODEs

Forward Euler-Cauchy
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Solving ODEs

Forward Euler-Cauchy

Y A Yy =
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Solving ODEs

Forward Euler-Cauchy

Y A

True function y(x)
Approximation n(x)
r_ X—)y
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Solving ODEs

Forward Euler-Cauchy

, A
y
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Solving ODEs

Forward Euler-Cauchy

y, A y_ 2

split up interval —_|

X

Initial slope y’(xo)
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Solving ODEs

Forward Euler-Cauchy

y, A y_ 2

X2 X3 X4~ Xs X6 X7 Xg Xg X10 X

Area = y'(Xo)[X1-Xo]

J/ +y(Xo)

N(X1) = y(Xo) + Y (Xo)[X1-Xg]
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Solving ODEs

Forward Euler-Cauchy

A

yJ

slope n'(x;) |
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Solving ODEs

Forward Euler-Cauchy

y, A y_ 2

Area = n'(X1)[xz-X4]

J/"‘ n(x1)

N(x2) = N(x1) + N'(x1)[x2-X]
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Solving ODEs

Forward Euler-Cauchy

A

yJ

slope n'(x2) |
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Solving ODEs

Forward Euler-Cauchy

77i+1=77i+h'f(xi>77i) nO:y(xO)

Yin = Vi +h'f(xiayi)+0(hp)

«  Taylor expansion of y,,

dy 1d’y| ., 1d°y| ,, 4

—yp + 2 L e 20 io(h

y1+1 yz dxi o) dx2 . 6 dx3 ' ( )

v o . |

2
f (x,.,y,.) O( ) Local order of convergence: 2

- }f_x, ;xo X, Proof

LB e S

O(hp) : Local order

O(hp_l) : Global order

o(n.hp)zo(@.hpjzo(hp-l)

Global order is always one less than local
order!!!

24



SOIVing ODES 77i+1:77i+h'f(x,->77,-) 770=y(x0)

Forward Euler-Cauchy

2.6- :

h |r|1'y1| |nn'yn| :gggrglxri‘rc:ations
0.3000  0.0471 0.1155 &
0.1500  0.0121 0.0565 22|

0.0750 0.0031 0.0279

Decreasing step size

0.0375 0.0008 0.0139
0.0187 0.0002 0.0069 o
1.6F
1'40 0.5 1 1.5 2 2.5 3
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SOIVing ODES 77i+1:77i+h'f(x,->77,-) 770=y(x0)

Forward Euler-Cauchy

2.6

——true function
h | N1-Y1 I | Nn-Yn | —— approximations

24

0.3000 ,0.0471 0.1155 |
x0.26 D x0.49
01500, 200121 005655 | 22 \ -
0.0750 _ ;0.0031 0.0279% = ., Dpereasig step size
x0.25( ) <0.50% 2
0.0375 0.0008 0.0139
x0.25( ) x050
0.0187 0.0002 0.0069
1.6+
pcal order of convergence: 2
lobal order of convergence: 1 % 05 : 15 2 25 3
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Solving ODEs

Forward Euler-Cauchy

Explicit
Single step
Local order of convergence: 2

Global order of convergence: 1

i =1, +h'f(xi977i)

un :y(xo)

27
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Solving ODEs

Backward Euler-Cauchy

Ny =1+ h- f(xi+1’77i+1)

7 =y(x)

Implicit formula: unknown n.; on both sides - recall fixed-point iteration from

Module 1

i =1 +h 'f(xi+l>77i+l)

77i+1 = (0(77141

28



Solving ODEs y(x)=Cexp[x/2] +x-2

Backward Euler-Cauchy
Y A y = )
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Solving ODEs

Backward Euler-Cauchy
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Solving ODEs

Backward Euler-Cauchy
Y 4

>

/

Initial value y(xg)
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Solving ODEs y(x) = ddexp[x/ 2]+ x—2

Backward Euler-Cauchy

, XY
Y a y = 2

Approximate slope at x; with \ \ \ \ NN s e e T T
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Solving ODEs

Backward Euler-Cauchy

r_x_y
Y A Y ’
NN N
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Y 4

n =770+h'f(x1>771)
' =o(n)
R

771(0) :770+h'f(x09770)
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| S S

Solving ODEs

Backward Euler-Cauchy
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Y 4
n =770+h'f(x1>771)
' =o(n)
7" no+h-f(W
" =o(n")

" =n,+h- f (x.0")

[ 7 7 /X7

>
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Solving ODEs

Backward Euler-Cauchy
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Y 4
n =770+h'f(x1>771)
' =o(n)
n@%+hf$i@%/
n? =o(n")

771()—770+h f(x1>771 )

T 7 7 /X
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Solving ODEs

Backward Euler-Cauchy
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Solving ODEs

Backward Euler-Cauchy

x_
Y A y’ = Y
Fixed point iteration converges quickly
N o
n=n +h-fX,77 \\ 2.2
1 " ( 1 1) ‘\ \ \ 218}
7 =o(n") A 216
>§:\ N Y 2140
771(0):770+h'f(x09770) NG N w S 3_22_?_
\\\ SN 2.08+
771(2) =(0(771(1)) N S = 9 206
2) . 4 204
mo=mn,th f(x1>771 ) [ 202
~ T T T 5 ,
0 1 2 3 4 5 6 7 8 9
. > k
| e T
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SOIVing ODES  n.=nthf(num,) m=r(x)

Backward Euler-Cauchy

h |r|1'y1| |nn'yn| 24 :tar;:rgjx?rc:ia(;ir:)ns
0.3000 0.0390 0.1058 23p)
0.1500 0.0110 0.0540 221\ Decreasing step size
2.1 \
0.0750 0.0029 0.0273 s Ll
0.0375 0.0007 0.0137 10
0.0187 0.0002 0.0069 18
1TF
1.6F
% 0.5 1 15 2 25 3
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SOIVing ODES  n.=nthf(num,) m=r(x)

Backward Euler-Cauchy

|r|1'y1| |nn'yn| 2.4 :tar::rgjxri‘rcr:lﬁa(;ir:)ns
0. 3000 CO .0390 0.1058) 23
0. 1500 Co .0110 0.0540) 2l Decreasing step size
21F
0. 0750 CO .0029 0.0273) 0508 2
0. 0375 CO .0007 0.0137> 1.9
0. 0187 0.0002 0.0069 1.8
1.7+
ncal order of convergence: 2 =
lobal order of convergence: 1 % 05 1 15 2 25 3
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Solution marching: forward vs

backward differencing

Governing equation : y'(x) = f(y)
Initial condition :y(0) =y,

Solution on the interval [0,T], approximated by y; = y(xy + ih)

© Unknown y;
© Known y;

40



Solution marching: forward vs backward

differencing
Governing equation : y'(x) = f(y)
Initial condition :y(0) =y,

Solution on the interval [0,T], approximated by y; = y(xy + ih)

© Unknown y;

0O h 2h ... ih T @ Known y;
Xo X1 X Xi XN

Initial condition : y, is known!

]
TUDelft
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Solution marching: forward vs backward

differencing
Governing equation : y'(x) = f(y)
Initial condition :y(0) =y,

Solution on the interval [0,T], approximated by y; = y(xy + ih)
Yo Y1
_+ o—0—0—0—0 + >t @ Unknown y;

0O h 2h ... ih T @ Known y;
xo x1 .'X,'z xl’ xN

Governing equation: y'(xy) = f(xg)
Approximate y’ using a forward difference at x; :

y(xg+h) =y(x) _ = y(xg + h) = y(x0) + hf (o)
~ y'(xg) = f(x0)
h = v =yo +hf(yo)

42



Solution marching: forward vs

backward differencing

Governing equation : y'(x) = f(y)
Initial condition :y(0) =y,

Solution on the interval [0,T], approximated by y; = y(xy + ih)
0 N )
_+ o—0—0—0—0 + >t @ Unknown y;

0O h 2h ... ih T @ Known y;
Xog X1 Xo X;

Governing equation: y'(x;) = f(y1)
Approximate y’ using a forward difference at x; :
vy +h) =y o = y(x; + h) =y(x1) + hf (¥1)
; ~y'(x) = fn)
=y, =y1 + hf(y1)

]
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Solution marching: forward vs

backward differencing
Governing equation :y'(x) = f(y)
Initial condition 2 y(0) =y

Solution on the interval [0,T], approximated by y; = y(xy + ih)
V1 Yi  Yi+1
_+ o—0—0—0—0 + >t @ Unknown y;

O h - ih ((+1h ... T @ Known y;
Xo X1 X2 Xi  Xiq Xy

Governing equation: y'(t;) = f(y;)

Approximate y’ using a forward difference at x; :

vy +h) -y o, o = y(x; + h) =y0;) + hf (y;)
; ~y'(x) = F )

= Vi1 = yi +hf(yi)

]
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Solution marching: forward vs

backward differencing
Governing equation :y'(x) = f(y)
Initial condition 2 y(0) =y

Solution on the interval [0,T], approximated by y; = y(xy + ih)
V1 Yi Vit
_+ o—0—0—0—0 + >t @ Unknown y;

O h - ih ((+1h ... T @ Known y;
Xo X1 X2 Xi  Xiq Xy

Governing equation: y'(x; + h) = f(y;4+1)
Approximate y’ using a backward difference at ;.4 :

() =y
y(x; + ])l y(x;) ~ V' (x:1) = fis) = viei= vi +hf(visq)

]
TUDelft
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Forward vs Backward Euler

Governing equation: 40 ﬁl o000 ¢t © Unknown y
y'(x) = f(y) 0 h ... ih (+Dh .. T ¢ Known y

Xo X1 Xi Xi+1 XN

Forward (explicit) Euler

Uses forward difference for y’ , y(x; + h) —y(x;)
Global truncation error O (h) y (xi) = h +0(h)

Explicit formulation for y;,, >
Local truncation error O (h?) Vier = ¥i +hf(y;) + 0(h?)
« “Cheap” to solve

Backward (implicit) Euler
Uses backward difference for y’ '(x; _ Y (x; + h) —y(x;)
Global truncation error O(h) Y i h

Implicit formulation for y;, — >
Local truncation error 0 (h?) Vier = Yi +hf(id) + 0(h7)

“‘Expensive” to solve

+ O(h)

46
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« Uses forward dlfference for y

Forward vs Backward Euler

. . y l l
Governing equation: _zo o006 -0 Ht ® Unknown y
y'(x) =) 0 h .. ih (i+Dh .. ® Known y
Xo X1 Xi  Xi+1 xN

Forward (explicit) Euler

y(xi +h) —y(x)

+ 0(h)

ol ol 4 '\/('Y' =

Why bother with
backward Euler?

A g —_
J \Ai+1) h

Vier = ¥i +hf (i) + 0(h?)

Ba

T Ukll;‘

47

* Global truncation error O(h)

* Implicit formulation for y;, ,

 Local truncation error 0 (h?)
“‘Expensive” to solve
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Stability

* |In practice, discretization errors and rounding errors accumulate during
time stepping

- Stable algorithm: error in one step not amplified when performing next
steps.

« Unstable algorithm: for arbitrarily large number of steps, difference
between approximation and true solution continuously increases.

«  Cause instability

— The ordinary differential equation
Stable ODE - stable solution if integration algorithm stable
Unstable ODE - no stable solution

— The integration algorithm

48
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Stability

Ordinary differential equation

c<0

y=-y

AR RN NN
AN N N
NN N N N
\ ““““ EN \\:é. \ \\“:Eg \"\.5; \\ \\‘\.\3. \\":é-, N\\.és \

=N =N S T = R ~Ea T B T =N
"""" == >
G G C CAEL S R S =d

P S S S A S S A A A
AT A ST TS
A7 777777
777777777

c>0
y=y

AT TS
AT
A A AT

_/27 //7 __(_/3’ ‘_(_)7 // /?7 __(_27 ’/ /97 _/}7 //7

e e R S R A R e e

= el = - > el = = > = =
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Stability

Integration algorithm

Take as test function: y'=cy ceC (ccomplex)
c=a+pfi
Exact solution of the form:  y(x) = Ae™ e P9 | 0

. Real(u)

/ ]
el
8
o o5 b s 2 25 B
t
Integration of dw/dt = A u, with ©0.004
X — 1
osf S~
osf = N
0.4
oz

] amplitude frequency
TUDelft P

|
. Real(u)
/
\
|
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Stability

Integration algorithm

 Take as test function: ' =cy ceC (ccomplex)

. We want the numerical integration to be bounded (stable) for cases
where Re(c) < 0: an initial error should not amplify!

. Set up time integration formula for test function
—  Forward Euler Cauchy M., =1, +h-f(xl.,77i)
i =1 +h'c'77i :(1+h'c)77i

Min =(1+h'c)i+1 un
l_‘_l
1+h-c|<1

To ensure that errors aren’t amplified

51
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Stability

Integration algorithm: Forward Euler Cauchy

1+h-c<1

Note that c is defined in the complex plane (imaginary values lead to

oscillatory solutions of the ODE) _
c=a+fi

Im(h
m(he) 1+ h-c| =1+ ha+hBi| =1+ ha) +(hBY <I

(1+ha) +(hB) <1

Re(hc)
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Stability

Integration algorithm: Forward Euler Cauchy

1+h-c<1

Note that c is defined in the complex plane (imaginary values lead to
oscillatory solutions of the ODE)

c=a+pi
Im(h
m(he) 1+ h-c| =1+ ha+hBi| =1+ ha) +(hBY <I
- +1 (1+ha) +(hB) <1
|
) Iy Re(hc)

Stable when hc inside yellow circle: so method is conditionally stable
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Stability

Integration algorithm: Forward Euler Cauchy

1+h-c<1

Note that c is defined in the complex plane (imaginary values lead to
oscillatory solutions of the ODE)

c =—0.5+ 1.5i e
h=1  Imhc) 1+ hc| = |1+ ha + Wi =1+ hae} +(hB): <1
X
T+ (1+ha) +(hp) <1
jz Iy Re(hc)

Stable when hc inside yellow circle: so method is conditionally stable
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Stability

Integration algorithm: Forward Euler Cauchy

1+h-c<1

Note that c is defined in the complex plane (imaginary values lead to
oscillatory solutions of the ODE)

c=a+pi
c =—0.54+ 1.5i
_ Im(h
h =05 Imihc) 1+h-c|=[1+ ha+ hpil = J(1+ ha )} +(hB) <1
X
X1 +1 (1+ha)’ +(hBY <1
;
2 Iy Re(hc)

Stable when hc inside yellow circle: so method is conditionally stable
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Stability

Integration algorithm: Forward Euler Cauchy

1+h-c<1

Note that c is defined in the complex plane (imaginary values lead to
oscillatory solutions of the ODE)

c=a+fi
c =-—0.5+1.5i
— Im(h
h =10.25 Im(hc) L+hec| =1+ ha + i = [(1+ har)’ +(BB) <1
X
XX_— +1 (1+ha) +(hB) <1
4
) Iy Re(hc)

Stable when hc inside yellow circle: so method is conditionally stable
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Stability

Integration algorithm: Forward Euler Cauchy

1+h-c<1

Note that c is defined in the complex plane (imaginary values lead to
oscillatory solutions of the ODE)

c =—0.54+ 1.5i
h = 0.25 Im(hc)

c=a+fi

1+ h-c| =1+ ha+hBi| =1+ ha) +(hBY <I

1 +1 2 2
(1+ha) +(hp) <1

-2 | Re(hc)

Stable when hc inside yellow circle: so method is conditionally stable
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Stability

Integration algorithm

Take as test function: ' =cy

. Set up time integration formula for test function

—  Backward Euler Cauchy N.=n+h f(xm,nm)

M =m,+h-cn,
o
(l—h-c)m
S
1
‘l—h-c

77i+1 =

<1

To ensure that errors aren’t amplified
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We only consider the left hand side of the plane Re(hc)

Stabil |ty > this is where the ODE is stable

Integration algorithm: Forward vs. Backward Euler
Cauchy

Forward Euler Cauchy Backward Euler Cauchy
1 <1
1+h-c|<1 Thel s
Im(hc) Im(hc)
+1 +1

4 — =
-2 1 Re(hc) .1 +2 Re(hc)

Conditionally stable Unconditionally stable

]
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Ordinary differential
equations

Newton’s second law of motion: my”(t) =mg — ky(t)
2" order ordinary differential equation

Introduce the auxiliary functions:  z, (t) =y (t)

2 (1)=y'(2)
System of 2 first-order ODEs: '

()e-ime)

Initial conditions:

z,(0)=»(0) Initial position
z,(0)=»"(0) Initial velocity

All eigenvalues A;0f A should
satisfy A;h within stability region
for the integration to be stable

Linear system
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Concluding remarks

Convert high-order ODEs to system of first order ODEs
Graphical interpretation of ODE integration schemes
Implementation of given ODE integration schemes

Determination order of convergence ODE integration schemes:
—  Use Taylor series for the analysis
— Higher order can be obtained using higher order differencing
— Higher order can be obtained using higher order quadrature rules

Determination stability regions ODE integration schemes:
— Analyse the amplification of an initial error
—  Stable simulation when A;h is within the stability region for all eigenvalues of A

Z(t)= AZ(t)+b

61



