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Chapter 7: Numerical Integration

€ =

But we do not have an analytlcal expression for f(x),
or the exact integration of f(x) is too difficult:

£(x)

Suppose we want to
know the integral of f(x)
over the interval [a, b]:

I(f; a,b) = f f(x)dx

Method to approximate the integral of a function f(x)



]
TUDelft

Chapter 7: Numerical Integration

a) f(x)
Method to approximate 1 f(x) ¢ (x)
the integral of f(x) over % i

b)

the interval [a b]:
I(f; a,b) = f f(x)dx

f(x)
a b
| I I
Two approaches: | L L

a) Approximate f(x) by an interpolation ¢(x) Xo X1 o Xi o Xne Xn
and integrate ¢(x), i.e. I(f; a,b) = 1(¢; a,b) a b
b) Define a quadrature rule by:
 Number of nodes X, X1, ..., X

» N : _yN
* Number of weights mg, ®4, ... , oy } =Q(f; a,b) =2 j=0 w;f (%))
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Chapter 7: Degree of Precision

b
Q(f, a,b) =Z§y=0 (Ujf(Xj) ) f(X)
| I I
Goal is to construct quadrature rule with a | L L
high degree of precision (DoP) Xo X1 oo Xi o Xno EN
a

Definition:
Q(f; a,b) has a DoP d if and only if:

Q(p; a,b) = I(p; a,b)  for all polynomials p € P?
Q(q; a,b) # I(q; a,b)  for some polynomial q € P%*1

Note: Q(f; a,b) is exact for all f(x) = agx® + ag_x* 1 + -+ a;x + aq
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Q(f; a,b) is exact for all: |
flx) = agx® + ag_1x¥ 1+ -+ a;x +ay =Y, a;xt
Also:
llcp+dqg;ab)=c I(p;ab)+d I(q; ab)
Q(cp +daq;ab)=cQ(p;ab)+dQ(q; a,b)

Hence:

(L, a;x%; a,b) = Y%, a;l(xt; a,b)
QXL ,a;xt; a,b) = Y4, a;Q(xt; a,b)
For arbitrary values of g, this is true if:

I(x; a,b) = Q(x;a,b) 0<is<d
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Chapter 7: Degree of Precision
_ Q(f, a,b) =Z§y=0 a)]f(x])
Q(f; a,b) is exact for all:
f(x) =agx®+ag_ x4+t ax+ay, =3¢, a;xt

when:
I(x; a,b) =Q(x;ab) 0<is<d

=0 [’1dx =I(1;ab) =Q(1;ab) =¥,
i=1 f: xdx =1(x;a,b) =Q(x; a,b) =Y, w;x;

i=2 f: x?dx = 1(x% a,b) = Q(x% a,b) =X, wjx}

i=d f: x%dx = 1(x% a,b) = Q(x% a,b) =¥, w;xf!
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Chapter 7: Degree of Precision

. Q(f; a,b) =X -, w;f (%)
Q(f; a,b) is exact for all:

f(x) =agx®+ag_ x4+t ax+ay, =3¢, a;xt

When we solve the weights w; through solving the linear system:

_ b -
101 . 171wy | e 1dx
b
d .d d ‘
Xo X{ Xyl LON fbxddx
- a -
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Example: derivation of Simpson’s rule

£(x)
f(0) ) nodes  quadrature
f(-h) | Xo=-h  QIf] = 0o f(-h) +
: X1 = 0 1 f(O) t
_i i . X=h oz f(h)
-h 0 h

Find weights o; such that Q[f] has a DoP 2: i.e. exact for any p € P2

AL
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Example: derivation of Simpson’s rule

£(x)
f(0) ) nodes  quadrature
f(-h) | Xo=-h  QIf] = 0o f(-h) +
: X1 = 0 1 f(O) t
_i i . X=h oz f(h)
-h 0 h

Find weights o; such that Q[f] has a DoP 2: i.e. exact for any p € P2

LN H
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Example: derivation of Simpson’s rule

£(x)
f(0) ) nodes  quadrature
f(-h) | Xo=-h  QIf] = 0o f(-h) +
: X1 = 0 1 f(O) t
_i i . X=h oz f(h)
-h 0 h

Find weights o; such that Q[f] has a DoP 2: i.e. exact for any p € P2

3 A
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Example: derivation of Simpson’s rule

£(x)

f(0)
f(h)

. i »

-h 0
Find weights o; such that Q[f] has a DoP 2:

nodes quadrature
Xo=-h  Q[f] = oq f(-h) +
xq1=0 o4 f(0) +
X, = h w2 f(h)

i.e. exact for any p € P2

(0) p=1 ”11 1 17109 J’Z—Pllﬂ'f

(1) p=x [4n 0 h M= £ dx

(2) p=x2 2 2 s
™0 Ao f_hhxzdx_

{dl
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Example: derivation of Simpson’s rule

f(x)
f(0) ) nodes  quadrature
f(-h) : Xp = -h Q[ﬂ = M f(-h) +
- x=0 w1 f(0) +

] . x=h 2 f(h)

-h 0 h

Find weights o; such that Q[f] has a DoP 2: i.e. exact for any p € P2

0) p=1 ll 1 17ywo; |[2h] (1) = wy= o

(1) p=x |—-h O h“w1]= 0 7 _  _h

(2) p=x2 h2 0 A2 Mo _§h3_ 2) = W = W2 = 3
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Example: derivation of Simpson’s rule

£(x)
f(0) ) nodes  quadrature
f(-h) | Xo=-h  QIf] = 0o f(-h) +
: X1 = 0 1 f(O) t
_i i . X=h oz f(h)
-h 0 h

Therefore, the quadrature:
Q(f; —h,h) = 2f(=h) + 4f(0) + f(h)]

Which is known as “Simpson’s Rule” has a DoP of 2
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Example: Interval transformation
& f(x)

Suppose we want to use
Simpson’s rule to
integrate domain [a,b] by
splitting into N sub-

| |
| I
| I
| I
I i _domains with equal size h
Xi XN+

0 hN

b Epy =
[ reax - FeOdx = Y Qfs xixi4)

4 i=0 "X i=0

Using Simpson’s rule quadrature (in computational space):

Qe(f;—1,1) = J[f(=1) +4f(0) + f(1)]
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Example: Interval transformation

Approximate the integral of f(x) over [a, b] 1 f(x)
’ N N
P TTYS |
ff(x)dx%ZQ(f;xi,xi_,_l) yd HHHHH:HIIIIIH
a i=0 IERRRRRRRRRRARA RN
. . '||||||||||||||||||’_,
Using Simpson’s rule quadrature: XX X XN
Qe(f;—1,1) = 3[f(=1) + 4£(0) + F(1)]
Map “computational space” onto “physical space”:
x; _h
2
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Example: Interval transformation

Simpson’s rule quadrature:
0¢(f; ~1,1) = 2F (1) +47(0) + F(1)] W
L
. i

|
|
—1=>.X'=Xi ‘

f(x)

|
|
(v . :
: < € =0 =X = xi+1/2 )(())(JI X XN)-(1N
=1 =X =X Ldx _ R
t" § \6 i+1  Slope: 2

QU (s xipxinn) = 7 Qe(f (x()); ~1,1)
= 22[f ) + 4f (xisay2) + F (i)

b N-1 N-1
h
L f(x)dx = ; Q(f; xj,xi41) = Z) 5 [f(xl-) + 4f(xi+1/2) + f(xi+1)]
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