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Example: approximate f’(1) using 
forward differencing

Ch. 6
Numerical 
Differentation

x x+h

f(x)

f(x+h)

h

* 0.1 * 0.1

* 0.1 * 0.1

* 0.1 * 0.1

Note: when step size h is 
reduced by factor 10, also the 
error reduces ≈ by factor 10 

forward difference:

𝑓′(𝑥) ≈
𝑓 𝑥 + ℎ − 𝑓(𝑥)

ℎ
error:

𝜀 ℎ =
𝑓 1 + ℎ − 𝑓(1)

ℎ
− 𝑓′(1)

function:
𝑓 𝑥 = 𝑥! ⟹ 𝑓" 1 = 1

Error is of 𝑂(ℎ)
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Example: approximate f’(1) using 
backward differencing

Ch. 6
Numerical 
Differentation

backward difference:

𝑓′(𝑥) ≈
𝑓 𝑥 − 𝑓(𝑥 − ℎ)

ℎ
error:

𝜀 ℎ =
𝑓 1 − 𝑓(1 − ℎ)

ℎ
− 𝑓′(1)

xx-h

f(x)f(x-h)
h

function:
𝑓 𝑥 = 𝑥! ⟹ 𝑓" 1 = 1

* 0.1 * 0.1

* 0.1 * 0.1

* 0.1 * 0.1

Note: when step size h is 
reduced by factor 10, also the 
error reduces ≈ by factor 10 
Error is of 𝑂(ℎ)
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Example: approximate f’(1) using 
central differencing

Ch. 6
Numerical 
Differentation

central difference:

𝑓′(𝑥) ≈
𝑓 𝑥 + ℎ − 𝑓(𝑥 − ℎ)

2ℎ
error:

𝜀 ℎ =
𝑓 1 + ℎ − 𝑓(1 − ℎ)

ℎ
− 𝑓′(1)

xx-h

f(x)
f(x-h)

h

function:
𝑓 𝑥 = 𝑥! ⟹ 𝑓" 1 = 1

* 0.1 * 0.01

* 0.1 * 0.01

* 0.1 * 0.01

Note: when step size h
is reduced by factor 10, 
also the error reduces 
≈ by factor 100 

x+h

f(x+h)

h

Error is of 𝑂(ℎ#)
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Example: constructing difference 
scheme for f’(x)

Ch. 6
Numerical 
Differentation

xx-hx-2h

Choose nodes that we want to use:

Make the Taylor expansions of f for each node:
𝑓 𝑥 = 𝑓 𝑥
𝑓 𝑥 − ℎ = 𝑓 𝑥 + −1 ℎ𝑓" 𝑥 + $

#
(−1)#ℎ#𝑓"" 𝑥 + 𝑂 ℎ%

𝑓 𝑥 − 2ℎ = 𝑓 𝑥 + −2 ℎ𝑓" 𝑥 + $
#
(−2)#ℎ#𝑓"" 𝑥 + 𝑂 ℎ%
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Example: constructing difference 
scheme for f’(x)

Ch. 6
Numerical 
Differentation

xx-hx-2h
Make the Taylor expansions of f for each node:
𝑓 𝑥 = 𝑓 𝑥
𝑓 𝑥 − ℎ = 𝑓 𝑥 + −1 ℎ𝑓" 𝑥 + $

#
(−1)#ℎ#𝑓"" 𝑥 + 𝑂 ℎ%

𝑓 𝑥 − 2ℎ = 𝑓 𝑥 + −2 ℎ𝑓" 𝑥 + $
#
(−2)#ℎ#𝑓"" 𝑥 + 𝑂 ℎ%

𝑎𝑓(𝑥 − 2ℎ) 𝑏𝑓(𝑥 − ℎ) 𝑐𝑓(𝑥)
𝑓(𝑥)
ℎ𝑓′(𝑥)
ℎ#𝑓′′(𝑥)
𝑂 ℎ%
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Example: constructing difference 
scheme for f’(x)

Ch. 6
Numerical 
Differentation

xx-hx-2h
Make the Taylor expansions of f for each node:
𝑓 𝑥 = 𝑓 𝑥
𝑓 𝑥 − ℎ = 𝑓 𝑥 + −1 ℎ𝑓" 𝑥 + $

#
(−1)#ℎ#𝑓"" 𝑥 + 𝑂 ℎ%

𝑓 𝑥 − 2ℎ = 𝑓 𝑥 + −2 ℎ𝑓" 𝑥 + $
#
(−2)#ℎ#𝑓"" 𝑥 + 𝑂 ℎ%

𝑎𝑓(𝑥 − 2ℎ) 𝑏𝑓(𝑥 − ℎ) 𝑐𝑓(𝑥)
𝑓(𝑥) 0
ℎ𝑓′(𝑥) 1
ℎ#𝑓′′(𝑥) 0

Fill in the 
“target”, i.e. here 
we want f’(x)

𝑂 ℎ%
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Example: constructing difference 
scheme for f’(x)

Ch. 6
Numerical 
Differentation

xx-hx-2h
Make the Taylor expansions of f for each node:
𝑓 𝑥 = 𝑓 𝑥
𝑓 𝑥 − ℎ = 𝑓 𝑥 + −1 ℎ𝑓" 𝑥 + $

#
(−1)#ℎ#𝑓"" 𝑥 + 𝑂 ℎ%

𝑓 𝑥 − 2ℎ = 𝑓 𝑥 + −2 ℎ𝑓" 𝑥 + $
#
(−2)#ℎ#𝑓"" 𝑥 + 𝑂 ℎ%

𝑎𝑓(𝑥 − 2ℎ) 𝑏𝑓(𝑥 − ℎ) 𝑐𝑓(𝑥)
𝑓(𝑥) 1𝑎 0
ℎ𝑓′(𝑥) −2 𝑎 1
ℎ#𝑓′′(𝑥) $

#
(−2)#𝑎 0

Fill in the Taylor components

𝑂 ℎ%
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Example: constructing difference 
scheme for f’(x)

Ch. 6
Numerical 
Differentation

xx-hx-2h
Make the Taylor expansions of f for each node:
𝑓 𝑥 = 𝑓 𝑥
𝑓 𝑥 − ℎ = 𝑓 𝑥 + −1 ℎ𝑓" 𝑥 + $

#
(−1)#ℎ#𝑓"" 𝑥 + 𝑂 ℎ%

𝑓 𝑥 − 2ℎ = 𝑓 𝑥 + −2 ℎ𝑓" 𝑥 + $
#
(−2)#ℎ#𝑓"" 𝑥 + 𝑂 ℎ%

𝑎𝑓(𝑥 − 2ℎ) 𝑏𝑓(𝑥 − ℎ) 𝑐𝑓(𝑥)
𝑓(𝑥) 1𝑎 1𝑏 1𝑐 0
ℎ𝑓′(𝑥) −2 𝑎 −1 𝑏 0𝑐 1
ℎ#𝑓′′(𝑥) $

#
(−2)#𝑎 $

#
(−1)#𝑏 0𝑐 0

Fill in the Taylor components

𝑂 ℎ%
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Example: constructing difference 
scheme for f’(x)

Ch. 6
Numerical 
Differentation

xx-hx-2h
𝑎𝑓(𝑥 − 2ℎ) 𝑏𝑓(𝑥 − ℎ) 𝑐𝑓(𝑥)

𝑓(𝑥) 1𝑎 1𝑏 1𝑐 0
ℎ𝑓′(𝑥) −2 𝑎 −1 𝑏 0𝑐 1
ℎ#𝑓′′(𝑥) $

#
(−2)#𝑎 $

#
(−1)#𝑏 0𝑐 0

Solve system to find a, b, c:
1 1 1
−2 −1 0
2 1/2 0

𝑎
𝑏
𝑐
=

0
1
0

𝑎 =
1
2

𝑏 = −2 𝑐 =
3
2

ℎ𝑓" 𝑥 ≈
1
2
𝑓 𝑥 − 2ℎ − 2𝑓 𝑥 − ℎ +

3
2
𝑓 𝑥

𝑓" 𝑥 ≈
𝑓 𝑥 − 2ℎ − 4𝑓 𝑥 − ℎ + 3𝑓 𝑥

2ℎ

𝑂 ℎ%

𝑂 ℎ%

𝑂 ℎ#
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Example: constructing difference 
schemes

Ch. 6
Numerical 
Differentation

x+hxx-h
Make the Taylor expansions of f for each node:
𝑓 𝑥 − ℎ = 𝑓 𝑥 + −1 ℎ𝑓" 𝑥 + $

#
(−1)#ℎ#𝑓"" 𝑥 + 𝑂 ℎ%

𝑓 𝑥 = 𝑓 𝑥
𝑓 𝑥 + ℎ = 𝑓 𝑥 + +1 ℎ𝑓" 𝑥 + $

#
(+1)#ℎ#𝑓"" 𝑥 + 𝑂 ℎ%

𝑎𝑓(𝑥 − ℎ) 𝑏𝑓(𝑥) 𝑐𝑓(𝑥 + ℎ)
𝑓(𝑥) 1𝑎 1𝑏 1𝑐
ℎ𝑓′(𝑥) −1 𝑎 0𝑏 +1 𝑐
ℎ#𝑓′′(𝑥) $

#
(−1)#𝑎 0𝑏 $

#
(+1)#𝑐
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Example: constructing difference 
schemes – f’(x)

Ch. 6
Numerical 
Differentation

x+hxx-h
𝑎𝑓(𝑥 − ℎ) 𝑏𝑓(𝑥) 𝑐𝑓(𝑥 + ℎ)

𝑓(𝑥) 1𝑎 1𝑏 1𝑐 0
ℎ𝑓′(𝑥) −1 𝑎 0𝑏 +1 𝑐 1
ℎ#𝑓′′(𝑥) $

#
(−1)#𝑎 0𝑏 $

#
(+1)#𝑐 0

If we want f’(x):

1 1 1
−1 0 1
1/2 0 1/2

𝑎
𝑏
𝑐
=

0
1
0

𝑎 = −
1
2

𝑏 = 0 𝑐 =
1
2

ℎ𝑓" 𝑥 ≈ −
1
2
𝑓 𝑥 − ℎ +

1
2
𝑓 𝑥 + ℎ

𝑓" 𝑥 ≈
𝑓 𝑥 + ℎ − 𝑓 𝑥 − ℎ

2ℎ
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Example: constructing difference 
schemes – f’’(x)

Ch. 6
Numerical 
Differentation

x+hxx-h
𝑎𝑓(𝑥 − ℎ) 𝑏𝑓(𝑥) 𝑐𝑓(𝑥 + ℎ)

𝑓(𝑥) 1𝑎 1𝑏 1𝑐 0
ℎ𝑓′(𝑥) −1 𝑎 0𝑏 +1 𝑐 0
ℎ#𝑓′′(𝑥) $

#
(−1)#𝑎 0𝑏 $

#
(+1)#𝑐 1

If we want f’’(x):

1 1 1
−1 0 1
1/2 0 1/2

𝑎
𝑏
𝑐
=

0
0
1

𝑎 = 1 𝑏 = −2 𝑐 = 1

ℎ#𝑓"" 𝑥 ≈ 𝑓 𝑥 − ℎ − 2𝑓(𝑥) + 𝑓 𝑥 + ℎ

𝑓"" 𝑥 ≈
𝑓 𝑥 − ℎ − 2𝑓(𝑥) + 𝑓 𝑥 + ℎ

ℎ#


