Example: approximate (1) using
forward differencing N

=7 | forward difference:
= et - f®

— . f(x) ~
h h
‘I‘ ’ih » error.
X X+ 1+h)—f(1
| ey = T })l FO _ gy
h dfdx_f error

0.1 C 0.1000  1.1053  0.1053 ) +01 Note: when step size h is
0.0100  1.0101  0.0101 ‘01 reduced by factor 10, also the
0.1 ; 0 00lo  1.0010 o010 % "' error reduces = by factor 10
*0.1

01\ o.0001  1.0001  0.0001 Error is of O(h)

]
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Example: approximate (1) using
backward differencing

function:

f)=x* = f(1)=1

]
TUDelft

f(x-h) f(x) backward difference:
| , f)—f(x—h)
* " error:
xh ’ fF() - f(1-h)
h dfdx_b error g(h) = I — f’(l)
0.1000 0.9047 -0.0953 ] .
*0.1 C > "0.1  Note: when step size his
‘o1 0.0100  0.9900 -0.0100 01 reduced by factor 10, also the
' 0.0010  ©.9990 -0.0010 % error reduces = by factor 10
0.1 *0.1
\ 0.0001 0.9999 -0.0001

Error is of O(h)



a

Example: approximate (1) using
central differencing

function:
f=x" = fD=1
central difference;:

fx+h)=f(x—h)

*0.1

1.0000e-02  1.0001e+00
*0.1

1.0000e-03  1.0000e+00
*0.1

1.0000e-04  1.0000e+00

]
TUDelft

5.0001e-05

5.0000e-07

4.9998e-09

e -
error:
h dfdx_c error E(h) B h B f (1)
1.0000e-01 1.0050e+00 5.0083e-03

) *0.01 Note: when step size h

*0.01 is reduced by factor 10,
% ' also the error reduces

"0.01 ~ by factor 100
Error is of 0(h?)
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Example: constructing difference
scheme for f'(x)

Choose nodes that we want to use:

T } T >
x-2h  x-h X

Make the Taylor expansions of f for each node:

) =f@&)
flx—h) = FQ)+ (“Dhf'(x) +5 (122" (x) + 0(h?)

flx = 2h) = f() + (=2hf'(x) +- (—2)2h?f"(x) + 0(h%)

]
TUDelft




Example: constructing difference
scheme for f'(x) e

x-2h  x-h X

Make the Taylor expansions of f for each node:
f(x) = f(x)
flx—h) = fQ)+ (“Dhf'(x) + (122" (x) + 0(h?)

flx = 2h) = f(x) + (=2)hf'(x) +- (—2)2h%f"'(x) + 0(h°)

af(x —2h) | bf(x —h) | cf(x)

f(x)
hf'(x)
h2 14
P f (9;)
TUDelft 0(h*)




Example: constructing difference

scheme for f'(x) e :
x-2h  x-h X

Make the Taylor expansions of f for each node:
f(x) = f(x)
flx—h) = fQ)+ (“Dhf'(x) + (1R (x) + 0(h°)

flx = 2h) = f() + (=2)Rf' () +- (—2)2h?f"'(x) + Fill in the
“target”, i.e. here

af (x —2h) | bf(x—h) | cfo) [ Wewantf(x)
f () 0
RF' (%) 1
R2f" (x) 0

~
TUDelft 0(h*) :




Example: constructing difference

scheme for f'(x) PR
x-2h  x-h X

Make the Taylor expansions of f for each node:

fe) = f)
flx—h) = fQ)+ (“Dhf'(x) + (122" (x) + 0(h?)

flx = 2h) = F(x) + (=2hf' () +5 (=2)2h%f"'(x) + 0(h®)
Fill in the Taylor components

af(x —2h) | bf(x—h) | cf(x)
f(x) 1a 0
hf'(x) (—2)a 1
W@ | L-2)% 0

s
TUDelft 0(h*)




Example: constructing difference

scheme for f'(x) PR
x-2h  x-h X

Make the Taylor expansions of f for each node:

fe) = f)
flx—h) = fQ)+ (“Dhf'(x) + (122" (x) + 0(h?)

flx = 2h) = F(x) + (=2hf' () +5 (=2)2h%f"'(x) + 0(h®)
Fill in the Taylor components

af(x —2h) | bf(x—h) | cf(x)
f(x) 1a 1b 1c 0
hf'(x) (—2)a (—=1)b Oc 1
REFUG) | Z(=2)%a | S(=1)%b Oc 0

s
TUDelft 0(h*)




Example: constructing difference

scheme for f'(x) PR :
x-2h  x-h X

af(x —2h) | bf(x—h) | cf(x)
f(x) 1a 1b 1c 0
hf'(x) (—2)a (—=1)b Oc 1
h2f"(x) | 2(=2)%2a | =(-1)2b Oc 0
0(h?) 2 2

Solve system to find a, b, c:

[ H] H hf(x)~—f(x—2h)—2f(x—h)+ f(x)
0(h?)

2 1/2 0
3
2

fx—2h) —4f(x —h) +3f(x)
2h

P =— ph=— c = fx) =
TUDelft 0(h?)
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Example: constructing difference

schemes

1 t

x-h X

Make the Taylor expansions of f for each node:

fx—h) = £(x) + (DA (x) + (~1)2h%f"(x) + 0(h?)

T

X+h

fx)  =f)
fx+h) = £(x) + FDRF'(x) +- (+1)2h2F"(x) + 0(h®)
af(x=h) | bf(x) | cfx+h)
f(x) 1a 1b 1c
hf'(x) (—1)a 0b (+1)c
REF(x) | 2 (=1)%a 05 > (+1)%
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schemes — f'(x)

Example: constructing difference

T

t i

If we want f'(x):

¢ [

% a=—1 b=0 c=
TUDelft 2

Nlb—\

1 1
hf'(x) = —Ef(x—h) +§f(x+h)

X-h X X+h
af (x —h) bf(x) | cf(x+h)
f(x) 1a 1b 1c 0
hf'(x) (—1)a 0b (+1)c 1
h?f" (x) %(—l)za 0b %(+1)2c 0

OB

fx+h)

— f(x—h)

2h
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Example: constructing difference

schemes — f"(x) PR :
X-h X X+h
af (x —h) bf(x) | cf(x+h)
f(x) 1a 1b 1c 0
hf'(x) (—1)a 0b (+1)c 0
h?f" (x) %(—l)za 0b %(+1)2c 1

If we want ”(x):

h2f"(x) = f(x —h) = 2f(x) + f(x + h)

1 1 17 0

3 JH

172 0 1721t 11 . flx—h)=2f(x) + f(x + h)
a=1 b=-2 c=1 f(x) = 2

]
TUDelft
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